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1) The contractile force of the lung is generated by the stress of a linear elastic system of randomized orientation.
The stress function is of the form of F=eax-1, in which F is the stress; x, the strain; and a, elasticity constant.
2) Geometrically similar configuration of the elastic system is approximately sustained irrespective of pulmonary expansion.
3) In the course of expiration intrapulmonary pressure is always equalized over the whole lung on account of intrapulmonary air flow.
4) The distribution of the density of the elastic system can be approximated to a combination of a small number n of different normal distributions.
The results could be summarized as: 
MATHEMATICAL DERIVATIONS

Intrapulmonary Pressure as a Function of Pulmonary Expansion
Mathematical derivations are started from the following premises.
1) The lung occupies a certain limited volume in an infinitely large spatial extension of an elastic system.
2) The elastic system is constituted by linear . structures of randomized orientation in the space. The contractile force of the lung is generated by the stress of the elastic system.
3) In a certain volume of adequate dimension, geometrically similar configuration of the elastic system is approximately sustained throughout pulmonary expansion and retraction. 4) Pulmonary expansion and contraction are reversible. Some brief comments are necessary to the above premises. Since the lung is coated with the pulmonary pleura of entirely different elastic property from that of pulmonary tissues, mathematical treatments for intrapulmonary pressure should comprise a consideration on pleural effects. However, this is not easy because the configuration of the lung is not simply to assimilate to an analytically definable three-dimensional body. In the present study, pleural interference is not dealt with as an independent factor, but will be included in the treatment of pulmonary tissues. This principle is expressed in the first premise. We must be content with a practical approximation. The last premise is a requirement for the preservation of free mechanical energy of the system. The energy stored in the system by pulmonary expansion is perfectly released and utilized to drive air out of the lung. Fig. 1 . A cube with edges of 10 in length is taken in a relaxed lung and is supposed to be uniformly expanded to a state in which l0 is stretched to l.
No restriction is necessary to the geometrical configuration of alveolar septa or elastic system, except that it must be similar to each other in two condi tions.
Nor is it required that the configuration of alveoli is assimilated to a certain analytically definable three-dimensional body.
Suppose now a cube with edges of to in length in a perfectly relaxed lung and expand it uniformly in every direction so that its edges attain a length of l. The total length of the elastic system, the total surface area of alveolar septa and the volume of the cube in relaxed and expanded states are designated as L0, So and V0; and L, S and V, respectively. If x is defined by the following form:
it is a dimensionless variable indicating the strain. The quantity is equivalent to the rate of pulmonary stretch in length and is hereafter simply called the •e stretch' or •eextension' of the lung.
We can now express L, S and V, and their differentials with x as follows:
If we suppose that the lung is further expanded from this state by a minute stretch dx and the minute work necessary for the expansion is dW, the latter is defined by: dW=FdL=TdS=PdV (2) in which F, T and P are stress of the elastic system, tension on the alveolar surface and intrapulmonary pressure, respectively. By substitution of dL, dS and dV with (1), we obtain: In Fig. 3 , the pattern of the curve given by (7) is correlated to a number of clinical measurements in the expiratory phase. Accelerated elevation of intrapulmonary pressure with increasing pulmonary volume, which is character istic of the volume-pressure relation of the lung, is sufficiently reproduced by (7).
Expiratory Dynamics
In clinical investigations under forced expiration, the effect of turbulent flow is usually taken into consideration.3 The relation of pressure and flow is generally given by :_??_ in which K1 and K2 are constants and the effect of turbulent flow is expressed in the term K2(dV/dt)2. When expiration proceeds with the contractile force of the lung itself, the second term in the above expression becomes much less significant . In the present study, intrabronchial air flow is assumed to be laminar in every phase of expiration, and the effect of turbulent flow is neglected.
If the total airway resistance is R, we obtain from Hagen-Poiseuille's law:_??_ The equation apparently includes x as a variable, but x is in reality a function of P determined by (7), and consequently the right side of the equation (11) has P as the single variable. An analytical treatment of the equation (11) is not possible, Fig. 4 . An example of the time-pressure relation is demonstrated based on the calculation of (11) for expiration from a lung volume of 5,500cm3. The determination of the time scale is to be discussed in a forthcoming report. In the present report, it is to be regarded merely as an arbitrarily selected interval. but the curve represented by it can be determined by means of an electronic computer with desired accuracy. In Fig. 4 an example of the curve is presented. When time is correlated to pulmonary volume by way of (11), (7) and (1), the volume of expired air Vsp can be calculated in reference to time as in Fig. 5 .
The equation (11) is derived on the assumption that the density of elastic system is uniform throughout the lung. In the treatment of emphysematous lungs, however, which are characterized by highly uneven distribution of elastic system, some modification of (11) is of course necessary. We start from a simple model in which the lung is composed of two parts with different density of elastic system. The two parts are assumed to be of the same volume of 500 cm3 in relaxation, and in one of them the density of elastic system is 1 and in the other, 1/10. The former is to represent normal, the latter, emphysematous, pulmonary tissue. When the model is expanded, the inflation of the emphysematous part is much larger than that of the normal part. At the pulmonary volume of 5,500cm3, the emphysematous part occupies about 70% of the total lung volume instead of 50% in relaxation. This means that in emphysematous lungs the greater part of inspired air is taken up in pathological pulmonary portions, and the expansion of the normal part is seriously suppressed. This is of course one of the disadvantages of emphysematous lungs in respira tion. Now, in the expiration of a lung with uneven distribution of the elastic system, two types of expiration must be distinguished. The one takes place when there is no intrapulmonary communication for air except for the In this expression Vi is regarded as a function determined by two variables P and t, and the partial differential coefficient ??Vi/??P is related to isobaric , and ??Vi/??t to independent, expiration. The equation indicates accordingly that the minute volume change of the total lung from a common pressure P is the same in isobaric and independent expirations. The partial differential coefficients in (12) (15) is given with P as the single variable. From the com parison of (15) and (11), it is clear that (11) is a special form of (15). When n is equal to 1, or the lung is homogeneous in the density of its elastic system, (11) is immediately obtained from (15). The next problem is to examine how the expiratory efficiency is different between the two types of expiration, isobaric and independent. We use again the simple model, in which the lung is composed of two parts with the densities of elastic system of 1 and 0.1, respectively, and of equal volume of 500cm3 in relaxation. When the lung is expanded to 5,500cm3, intrapulmonary pressure is only about 8cm H2O, which is still lower than a third of the pressure in the lung with the elastic system of uniform and normal density. Such a low initial pressure is of course one of the major causes for deteriorating the expiratory efficiency of emphysematous lungs. The curves of expiration are presented in Figs. 8 and 9 . The result demonstrates an improvement, though not very marked, of expiratory efficiency in isobaric expiration. The effect depends upon the form of stress function. With the stress function employed in this investigation, expiratory efficiency is always higher in isobaric expiration. It is interesting The lung is assumed to be composed of two parts with densities of the elastic system of 1 and 0 .1. Each of the two parts has an equal volume of 500cm3 in relaxation. Note the low initial pressure at a total lung volume of 5,500cm3.
In the course of the independ ent expiration the pressure level is always higher in the part of lower density of the elastic system. that destruction of alveolar walls, which is in its nature a distinctly pathological process, acts as a compensatory mechanism in expiratory mechanics of emphy sematous lungs. Transalveolar flow in the model reaches to about 20% of expired volume at the point where the latter attains 3,000cm3. This means that about 600cm3 out of the total expired volume have once been driven from the emphysematous. into tie normal, part and then leave the lung via preformed airways belonging to the normal part. It is evident that transalveolar flow ameliorates the disturbance of gas exchange in emphysema, since it provides a contact with normal alveolar septa for a considerable volume of air inspired in pulmonary tissues of reduced density. With these two expressions we are now enabled to calculate expiratory efficiencies of individual autopsied lungs. When we give to V a value larger than V0 and determine P from (20), we obtain the initial condition for the differential equation (21). The solution of (21) gives a pressure-time, and in combination with (20), an expired volume-time, relation for the expiration from a lung volume V. Analytical solution of (20) and (21) is obviously impossible and we must use an electronic computer for the determination of the curves represented by the two expressions.
Transalveolar Flow
The present report is concluded with the determination of transalveolar flow or of the intrapulmonary air flow in the course of an isobaric expiration. We assume again that the isobaric expiration for a very short time is divided into two steps just as in the derivation of (12). In the first step, individual pulmonary parts are allowed to contract independently. Intrapulmonary pressure dif ference produced in the first step is then brought to equilibrium in the second step on account of transalveolar flow. In the latter step, intrapulmonary air flow takes place always from the part of low density, to the part of high density, of the elastic system. When the resistance to intrapulmonary air flow is zero, the total lung volume remains the same in spite of intrapulmonary air flow. Consequently, the part with low density of the elastic system contracts, and the part with high density of the system expands and receives the quantity of air expelled from the former part. If the distribution of the density of the elastic system is given by 21) and (22) we can establish the fundamental principles of expiratory mechanics on anatomical basis, which are to be applied to individual autopsied lungs. One of the underlying conditions of the derivations is the expiration with the intrinsic contractile force of the lung without participation of thoracic activity. The condition is obviously not realized in living organisms, but it is nevertheless not only necessary but also useful in analytical treatments of pulmonary functions.
Prior to the computations, however, it is required to estimate the parameters comprised in the above expressions. Their estimations will be discussed in a forthcoming report of ours together with the results of computations on individual lungs.
IMPORTANT SYMBOLS x:
Strain of pulmonary elastic system.
F:
Stress of the elastic system at the strain x. T:
Tension acting on alveolar septa. P: Intrapulmonary pressure.
L0:
Total length of elastic system in a certain volume of relaxed lungs.
Sv:
Total surface area of alveolar septa in a certain volume of relaxed lungs.
Vv:
A certain volume of relaxed lungs. This sign is also used to denote the total lung volume in relaxation.
L:
Total length of elastic system in a certain volume of expanded lungs.
S:
Total surface area of alveolar septa in a certain volume of expanded lungs.
V:
Lung volume in general. 
